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Answers to Exercises

Chapter 5

1. The following table shows the storage requirements, in bytes, for 32-bit and
64-bit pixels.

Display Resolution 32-bit Pixels 64-bit Pixels
640x480 1,228,800 2,457,600
1024%768 3,145,728 6,291,456
1280%720 3,686,400 7,372,800
1280x1024 5,242,880 10,485,760
1920x1080 8,294,400 16,588,800

2560%1440 14,745,600 29,491,200
3840x2160 33,177,600 66,355,200
7680x4320 132,710,400 265,420,800

2. A CIE RGB color Ccy is transformed into an sSRGB color Cgygg with

743651  —1.40848  0.781042
Ccs=| —0.807764  6.91648 —0.750184 |Cepp.
~0.0499435 —0.77922  5.96362

The reverse transformation is given by

0.137229 0.0262932 —0.0146651
Cce=|0.0163836  0.1498 0.0166981 [Ciraga-
0.00328997 0.0197934  0.169742

3. (xgyr)=(0.735,0.265)
(x6,v6)=(0.274,0.717)
(x3,5) = (0.167,0.00886)

4. The matrix that converts from the XYZ color space to the uRGB color space
is given by
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1.716651 —-0.355671 -0.253366
M rge=| —0.666684  1.616481 0.015769 |.
0.017640 -0.042771  0.942103

When we multiply this by the matrix Mg that converts from sSRGB to XYZ,
we obtain as the matrix that converts directly from sRGB to uRGB

0.627404 0.329283 0.043313
M.rapuras = | 0.069097 0.919540 0.011362 |.
0.016391 0.088013 0.895595

The inverse of this matrix, converting from uRGB to sRGB is

1.660491 —0.587641 —0.072850
M roeorae=| —0.124550  1.132900 —0.008349 |.
~0.018151 —0.100579  1.118730

5. g(x)=0.274882x> + 0.725118x

6. The matrix that converts from W to the coordinate system in which x points
east and y points up is

0 0 -1},
-1 0 0

and the inverse converting back to W is

0 0 -1
1 0 O
0 -1 0

The matrix that converts from W to the coordinate system in which x points
cast and z points up is

S = O
S O =
oS O
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10.

and this matrix is equal to its inverse.

The world-space direction is equal to Wg,;[1 0 O:|T, where Wy, is the ma-
trix given by Equation (5.25). This is simply the first column of Wg ;.

_ px(pz_qz)_pz(px_qx) _ py(pz_QZ>_pz(py_qy)
x= and y= .
pw(pz_qz)_pz(pw_qw) pw(pz_qz)_pz(pw_q»v)

Let u=p,—p, and v=p,—p,. Then u=u,e;+u e, and v=v.e,+v,e,. The
wedge product is

uAvV= (uxvy - uyvx)(fh A ez),

where the presence of the 2D bivector basis element e; A e, corresponds to the
fact that we have calculated an area. This is the area of the parallelogram hav-
ing sides u and v. The area of a triangle with sides u and v is half of that, which
has the magnitude equivalent to Equation (5.35).

There are three possible lengths for each interior edge. An edge connecting
vertices spaced two apart is the hypotenuse of the right triangle in the figure
below, and it has length V2. An edge connecting vertices spaced four apart is
a diameter of the octagon and thus has length 2. The remaining possibility, an
edge connecting vertices spaced three apart is the side opposite the angle %” in
the figure. By the law of cosines, its length is /2 ++/2. The total length of all
five interior edges is minimized when there are four edges having length V2
and one edge having length 2.
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Chapter 6

1. The following table lists the [n|d] components of the world-space frustum
planes. Note that these are not normalized.

Frustum Plane World-Space n World-Space d
Near M camera[2] =1 =1+ Mamera[3]
Far ~Meamera[2] S= 1 Megmera[3]
Left &M amerafo] + SMcamera[2] -1 - Mamera[3]
Right —gMeamera[0] T SMeamera[2] | —M * Mcamera[3]
Top &M ecamera[1] T Meamera[2] —0 - Mgmera[3]
Bottom —8Mameraf1] + Meamera[2] 1 - Mamera[3]

2. The Pliicker coordinates {v|m} are given by the following formulas, where
the notation [n; | d; | means the n and d components of the plane f.
{mxn|dn—dmn
{nt XNy | dtnr - drnt}
{n, xny|den, — dyn,}

{ny x 0y |dyn; — diny,}
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Bivectors corresponding to the same lines are given by tvL, rvt, bVvr, and
1vb.

2
rzﬁ s*+1and sina = %
g g +s+1
n/g
[s/g 0 0] [s/g 0 0 0]
0 1/g 0 0 1/g 0
-1 * -1
Pinﬁnite: 0 0 0 1 (Pinﬁnite) = 0 0 0 11
1 1
0 0 L 0 - -
i n o nj| n(l-¢) n |
(s/g 0 0 0] (s/g 0 0 0]
0 1/g 0 0 0 1/g 0
R;rilstumz 0 0 0 1| R;Jﬁnite: 0 0 0O 1}) and
0 o - S 1 0 0 1 0
| nf f_ | n ]
(s/g 0 0 ]
. 0 1/g 0
<anﬁnite> = 0 0 0
1 g
0 0 -
n(l-¢) n(l-¢)
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28 4ttt
r—1 r—1
o & _brt
7 b—t b-t
o o L
f—n f—n
| 0 0 1 0 |
-g/s 0 0 |
0 g 0
8
0 0 S+n  2nf
-n f-n
| 0 0 1 0 |
(g/s 0 0 0
9 0 g 0 O
0 0 1 -2n
0 0 1 0

10. The w component of v yyer, 1S given by
1=Pp 1
Py f

because Py, = f/(f—n) and Py;=—nf /(f— n). The dot product K - Veyper, Only
involves the z and w components of v, in this case, and it is given by

n
k'vcamerazl__'

f

Taking the reciprocal, m = f / (f—n), and mk thus recovers P gum-

11. For any near plane Kk, the far plane f is given by

f=(—k.,—k,1-k.,—k,).
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12.

13.

The moment m of the line where k and f intersect is given by k,f,,. — f, K.,
which is always (0, 0, k,,). This means that the plane containing the line {v | m}
and the origin is (0, 0, k,,, 0), which is the x-y plane.
The scalar field zye,ic.(p) is given by
1
Zdevice(p) = p_<kxp)» + kypy + kzpz + kw)

Its gradient is then

k. k k.p.+k,p,+k,
vzdevice(p):(_a_y - e )a

’ 2
P: P: p:

which we abbreviate Vz. The direction v of the line where the near plane k and
far plane f intersect is given by

V= kxyz X fxyz = (kya _kxa O)a

and the moment m of the line is given by m =(0, 0, k,,) as in the previous ex-
ercise. Clearly, Vz - v =0, so the gradient is perpendicular to the direction v.
The point s on the line {v|m} closest to the origin is given by

k.,
SZ(VX m)/VZZ—TszCX,ky,O),

x y

and the point g must be equal to s + ¢v for some ¢. Since Vz - v =0, the values
of Vz-(p—s) and Vz - (p — q) are the same. After plugging in the values of
Vz and s, the dot product Vz - (p —s) simplifies to zero, so the gradient is per-
pendicular to p —q.

The near plane is now (0,0,1,1) in clip space, and this corresponds to P;+ P,
in camera space. This means that P, = mk — P; and thus f=P;— P, =2P;— mk
. When we solve f- v mera = 0 for m, we get

2
m=———.
k- Vcamera

Then P, = (mkx, mbk,, mk.—1, mkw).
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14. The modified projection matrix transforms p as

Dx
A B C+5device D py _ Apx+pr+(C+5device)pz+D
0 0 1 0] p- p- '
1

The original projection matrix transforms ( Dx>PysP-+ 5camera) as

Px
4 B C D py || Apet Bpy+ C(p: = deamera) + D
0 0 1 0 D~ 5camera P~ 6camera ‘
1

Setting the results equal to each other after the perspective divide, we have

Ap.+Bp,+D Ap,+Bp,+D
%4_ C+6device:%+c'
D: P:— 5camera
Solving for d4eyice giVes us
_ (Apx + pr + D) 6camcra

5device -
P: (p z (5camcra)

Chapter 7

1. The vectors r and s are defined as
r=2(n-Dn-1 and s=2(n-v)n-v.

Thenr-v=2(n-1)(n-v)—1-v,ands-1=2(n-v)(n-1)—v -1, which have the
same value.
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‘l+v)a_ (n-1+n-v)*
N+vl)  [A+v)-a+v)]2
(n-1+n-v)*

[Zz +vi+2(1- V)]m/2

@ 14n-vy “2
| 23-v+))

2. (n- h)“z(n

3. In addition to the constraints s - ¢;=x; and s - ¢, =x,, we know that s - n=0.
This gives us the 3 x 3 system

<~ € —>(S=| Xy |.

«~ n — 0

Using the transpose of Equation (1.95) for the inverse of the matrix, we have

(R S N

€, XM NnxXe e xXe || X2 |

¥ ¥ VLo

1

- [ela €, n:l
From Equation (7.37), we have

1
t= 7()’291 —J/1ez)
X1)V2 = X2 )1

1
b= —(X1e2 - X2e1).
X1V2 =X

The dot product s - t is then

1
s-t= ((exxm)x;+(nx e))xy)- (126, —yi€,)
[e1, 2, n] (X1, —Xx2)1)
1
= ([ela €, n]le/2 - [91, €y, n]x2J/1)
[ela €, n](le/2 - xz)ﬁ)

=1,

and the dot product s - b is
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s-b= ! ((e;xm)x; +(nxe)xy) - (x,8,—x,€)
[e1, €2, n] (X1 —x231)
1
= ([ela e, n]xox — e, ey, n]xlxz)
[ela €, n](xlyz —XzM)

=0.

4. Define t=1¢.e +1,e,+7.e; and n=n,€ +n,€,+n.€; Then t is a bivector
given by t=1€,+¢,€, + .€;. The antiwedge product n Vtis

nvt= (nytz - nzty)EB +(nt,—nyt.) €+ (nxty - nytx)élz,
which is equivalent to the vector b given by n x t.

5. ficae(m,s)=nrm (Smx, sm,,m.)

Chapter 8

1. 2.25%x10%cd

2. The plane f has two nonzero coordinates and can be written f=(f%,0,/.,0).
From the dot product f- 7 =r, we can write f.l,=r—f,[,. Squaring both sides
and substituting /7 =1— /7 (because f is normalized), we have

1=/ =r = 2efd + 1L
Rewriting as a quadratic equation in f, gives us
(B+2)fi-2r fo+ 7 = E=0.

The values of f, are then given by

wherea=12+1%, b=rl,and ¢ = r* - I>. For each value of [ the corresponding
value of f is given by

— r_fxlx

VE L
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The coordinate ¢ where each plane f intersects the plane z = g is then

To show that this is equal to the value of ¢, given by Equation (8.29), we cal-
culate the coordinate p; where f intersects the plane z =1/, and show that it is
the same value of p, from which ¢, is derived. The coordinate p, is given by

PRl
VA Jx
Using this value of p,, the distance « used in Equation (8.28) is
r

uzp;c_lxz_

X

When we substitute the above solutions for f, having the radical in the denom-
inator, we find that

L2 43t + P2 (2= )2+ )
u =

7 2
—r

These are exactly the same values of u given by Equation (8.28), so the corre-
sponding values of ¢, must be equal to those produced by the values of ¢
given above.

Plugging k = (0, 0,1, —n) into Equation (8.43) gives us d = n’7*. The value of
a in Equation (8.41) does not change, but we now have b = (I, — n)l, — r*. Using
these values in Equation (8.42) yields

P—ln-r*+tm
Zdevice = 12——r2
z
This can be rewritten as
n(l.tr)
Zdevice = 1- .
(L+r)l-7)

Choosing different signs in the numerator causes a different factor to be can-
celled in the denominator, so this is equivalent to
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n
lzir'

Zdevice = I-

Let the notation [ pq] represent the distance between vertices vll,f and vcf . By
symmetry, [06]=[17]=[24]=[35] and [46]=[57]. We need to show that the
distances between each of the 22 remaining pairs of vertices is less than either
[06] or [46]. First, the length of each edge on the near plane, such as [01], is
shorter than the diagonal length [02], and the length of each edge on the far
plane, such as [45], is short than the diagonal length [46]. Because the edges
on the far plane must be longer, [02]<[46]. At this point, we have eliminated
the six possibilities on the near plane and the four edges on the far plane. The
remaining 12 possibilities lie on the lateral planes. Each of the four lateral edge
lengths such as [04] is shorter than the diagonal length of a lateral side such
as [05], which has the same length as [14]. Each of these eight diagonal
lengths is shorter than the interior diagonal length [06]. This accounts for all
cases.

There are four possible cases. First, if u,, u,, and u; are all negative, then w=1
and L = L. Second, if ;>0 but u, and u; are negative, then w=1-sat(u,),
and

L= (1 — sat (ul))Lo + Sat(ul)Ll,

which correctly blends from cascade 0 to cascade 1. Third, if u;>0 and u, >0
but u; is negative, then w = sat (u,), and

L= (1 —sat (uz))Ll + sat (Hz)Lz,

which correctly blends from cascade 1 to cascade 2. Finally, if u,, u,, and u;
are all nonnegative, then w =1 —sat(u3) (using the fact that cascade 3 begins
beyond the end of cascade 1), and

L= (1 — sat (M3>)L2 + sat (u3)L3,
which correctly blends from cascade 2 to cascade 3.

Suppose that all three inequalities are true. Then combining i <j and j < k, we
must have i < k. But it must also be true, by the third inequality, that &k < i,
which is a contradiction. Now suppose that none of the three inequalities is
true. Then i >, j >k, and k> i. Again, we have a contradiction because i > k
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and k> would both be required to be true. Thus, it can only be the case the
either one or two of the inequalities is true.

7. We need to integrate from the camera position ¢ to the point where the ray
q(t) = c + td intersects the plane f. This gives us
to
o= [ T-(c+ el
0
where t,=—f - ¢/f - d. Evaluating, we have
2
ag (- €)
t(d)=—|d|——=—.
(@=21a1 5
Chapter 9
1. If p,=p,, then the enclosing sphere has the same center, and its radius is
max (71, 7,). Otherwise, let d =||p, — py| be the distance between the centers,
and define v=(p, - p;)/d. Now let
a=min(-r;,d—r;) and b=max(r,d+r,).
These represent the minimum and maximum extents of the spheres along a line
through the two centers, where zero coincides with p;. The center # and radius
R of the enclosing sphere are then given by
P=p1+a+bv and sz;a.
2. Suppose the equilateral triangle has sides of length one, and let its vertices be

located at the coordinates v, = (—%, O), Vv, = (%, 0), and v;= <O, ?) The optimal
bounding sphere has center p and radius » given by

Without loss of generality, we assume that the vertices v, and v, are found to
be farthest apart, and we establish an initial approximate bounding sphere hav-
ing center at the origin and radius % The vertex v; is not inside this sphere.
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Expanding the initial sphere with Equation (9.7) produces the center p’ and
radius 7’ given by

b= 4

! (O,%) and 7' V3+1

These both differ from the optimal center and radius by (3 - \/§>/ 12~0.1057.

3. V> (’hxvx| + ‘hyvy‘ +| v, |+ rmax)z

max(|vx| —hy,

Vy| - hya Vzl - hz) 2 Fmax

4. The effective radius 7, is the sum of separate contributions from half the height
of the cylinder and its actual radius. The contribution from the half height /4 is
|hg - u|. As shown in the figure, the contribution from the radius r is rsina.

Since cos a = g - u, we can write this as r\/l —cos’a= r\/l —(g-u)’. Then

re=|hg - ul+r/1-(g-u).

5. A point g on the surface of an ellipsoid with center p, shown in the figure, is
given by

q:p+(hxcos0sin go)s +(hy sin 6sin go)t +(hzcos (,/))u,
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where 6 €[0,27] and ¢ €[0, 7 ].

We want to maximize r,=g - (4 — p), so we take derivatives with respect to 0
and ¢ and set them to zero as follows:

Org
00
Ory

P (h,cosBcosp)(g-s)+(h,sinfcosp)(g-t)—(h.singp)(g-u)=0.
®

=(~h,sinOsinp)(g - s)+(h,cos Osinp)(g-t)=0

Defining x=h,(g-s), y=h,(g-t), and z=h.(g - u), we can rewrite these as

tant9=Z
X

tan¢=£cos€+zsin0.
z z

The first of these is true for a triangle having legs of length x and y, so it must
be the case that

and sinf= Y
X +y X +y

cos =

(35

Then tan ¢ can be written as

X +y

tang =
z

Using the trigonometric identity cos ¢ =1 / \/1+tan® g, we can now write



Answers to Exercises

17

z \/xz-f-yz
wx2+y2+22 Vx2+y2+22

Plugging all of these into the expression for 7, gives us

cos @ = and sing =

re=y/g- s + (g ¢ + g uy

6. The minimum value of g - z for which the plane g intersects the cone is —sin a.
This means that points on the positive side of the plane are visible only when
g-Z>—sina.

7. This function generates a polyhedron corresponding to a spot light having pro-
jection distance g and aspect ratio s. The value of rmax provides the distance
to the far plane at the light’s radius. The M1ight parameter specifies the object-
space to world-space transformation for the light.

void BuildSpotPolyhedron(const Transform4D& Mlight, float g, float s, float rmax,

{

Polyhedron *polyhedron)
polyhedron->vertexCount = 5; polyhedron->edgeCount = 8; polyhedron->faceCount = 5;

// Generate vertex for the light position.
polyhedron->vertex[0] = Mlight.GetTranslation();

// Generate vertices for the far side.
float y = rmax / g, x =y * s;
polyhedron->vertex[1] = Mlight
polyhedron->vertex[2] = Mlight
polyhedron->vertex[3]
polyhedron->vertex[4] = Mlight

Point3D(x, y, rmax);

Point3D(x, -y, rmax);
Point3D(-x, -y, rmax);
Point3D(-x, y, rmax);

1
=
=
.

()
>
=

*
*
*
*

// Generate lateral planes.

Transform4D inverse = Inverse(Mlight);

float mx = 1.0F / sqrt(g * g + s * s), my = 1.0F / sqrt(g * g + 1.0F);
polyhedron->plane[@] = Plane(-g * mx, ©0.0F, s * mx, 0.0F) * inverse;
polyhedron->plane[1] Plane(0.0F, g * my, my, ©.0F) * inverse;
polyhedron->plane[2] Plane(g * mx, 0.0F, s * mx, ©.0F) * inverse;
polyhedron->plane[3] Plane(0.09F, -g * my, my, ©.09F) * inverse;

// Generate far plane.
polyhedron->plane[4].Set(-Mlight[2], Dot(Mlight[2], Mlight[3]) + rmax);

// Generate all edges and lateral faces.
Edge *edge = polyhedron->edge; Face *face = polyhedron->face;
for (int32 i = @; 1 < 4; i++, edge++, face++)
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edge[0].vertexIndex[9]

uint8(oe);

edge[@].vertexIndex[1] = uint8(i + 1);
edge[@].faceIndex[0] = uint8(i);
edge[@].faceIndex[1] = uint8((i - 1) & 3);

edge[4].vertexIndex[0]
edge[4].vertexIndex[1]
edge[4].faceIndex[0] = 4;

uint8(((i + 1) & 3) + 1);
uint8(i + 1);

S onon

edge[4].faceIndex[1] = uint8(i);

face->edgeCount = 3
face->edgeIndex[0]
face->edgeIndex[1]
face->edgeIndex[2]

}

uint8(i);
uint8((i + 1) & 3);
uint8(i + 4);

[ | N TR

// Generate far face.
face[0].edgeCount = 4;

face[0].edgeIndex[0] = 4; face[@].edgeIndex[1]
face[0].edgeIndex[2] =

6; face[@].edgeIndex[3]

8. Let N =M, .4 The six world-space bounding planes are given by Ny, N,

N>, 5,N;—Nj, s,N3—Nj, and 5.N; — N, (where the notation N; means row 7 of
the matrix N.)

The minimum value of ¢ is given by

2
. OoZ,
¢ = S1n 1(_ &)’
2Tmax

and this exists when aozé / 270 < 1.

Chapter 10

1.

Suppose that ¢ and p lie at opposite ends of a diameter of the sphere. Then
1=0, =1, |v|=2R, v’ =4R* p*=R? and p - v=-2R’. Plugging these val-
ues into Equation (10.35) gives us

3

2 2 2
B=2R 1—R—2+2i2—4—R2 AR
R* R 3R
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2. Z<2<lnm)z+m> m(n+1)+ m)z

i=0 :m(n+1)+<2(1; ))(n(n+1)>

2
=mn+1D)+(-m)(n+1)
=n+1

3. First integrating over ¢, we have

2

21
f f )/2sinadadgo

1+g —2gcosa

1 gf sina /doc.

3/2
1+g 2gcosoc>

Making the substitutions u =1+ g — 2g cos & and du = 2g sin a do: then allows
us to integrate over a to get

1_g2f1+g2+2gﬂ_g2_1|:L:|
4g Jugae w* 2g [Vu (g-1)

2
_8 -1({ 1 N 1
2g \g+1 g-1

(g+1)’
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4. The following table lists the components of Equation (10.83) for the six possi-
ble orderings of a, b, and c.

Case d = min(a, b) | e =max(a, b) | f=max(d, c¢) | med(a, b, c) = min(f, e)
a<b<c a b c b
a<c<b a b c c
b<a<c b a c a
b<c<a b a c c
c<a<b a b a a
c<b<a b a b b

5. Most classes have multiple symmetry planes, and the table below lists corners
for each class forming one of the possible planes when combined with the cube
center using the numbering from Figure 10.32.

Class | Corners Class | Corners

1 0,2 9 0,2
2 1,4 10 1,2
3 0,2 11 0,3
4 1,2 14 0,3
5 0,3 15 0,5
6 0,2 16 0,5
7 1,2 17 1,4
8 0,3

6. The five possible triangulations of class #5 are shown below.

&
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7. Marching squares has 16 distinct cases that are partitioned into the four equiv-
alence classes shown in the following table.

Class Cases

\ 8
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